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Abstract 

We develop and implement new probabilistic strategy for proving basic 
results about long time behaviour for interacting diffusion processes on 
unbounded lattice. The concept of the solution used is rather weak as we 
construct the process as a solution to suitable infinite dimensional mar¬ 
tingale problem. However the techniques allow us to consider cases where 
the generator of the particle is degenerate elliptic operator. As a model 
example we present situation, where the operator arises from Heisenberg 
group. In the last section we mention some further examples that can be 
handled using our methods. 
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1 Introduction 

The study of interacting particle systems has a long and profound history, as 
is well evidenced by excellent monographs [21] or [IS]. Initially motivated by 
the problems of statistical physics, the field has grown into an important area of 
Markov processes in itself with interesting problems and rich interplay with other 
subjects. 

We investigate continuous spin systems with a diffusion particle on each site. 
Most results establishing ergodicity properties for interacting particle systems 
with unbounded state space are tied with the use of functional inequalities, see 
H3. As for the diffusions, there has been two independent successful approaches 
to this problem in the 1990s, one by Zegarlinski [32] and other by Da Prato and 
Zabczyk [9], each to their merit and deficiencies. The approach in [32] constructs 
the desired semigroup using finite dimensional approximations and ergodicity re¬ 
sults are established via log Sobolev inequality, while more probabilistic approach 
in [9] uses the theory of SDEs on Hilbert spaces for construction and ergodicity 
is tied with the dissipativity properties of underlying operators. 

Both these works essentially cover only elliptic case. The question how to ad¬ 
dress some subclliptic situation has been resolved under suitable condition in [10] 
again using analytic techniques based on functional inequalities (very recently the 
results were extended to cover even broader class of operators in [19] and [29]). 
Because in such cases even ergodicity of the finite system is highly non-trivial, 
important part of the result lies in conquering this problem. 
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This article presents a new probabilistic approach to investigate these issues. The 
results obtained go in some way successfully beyond Hilbert space methods of PJ. 
We can cover degenerate multiplicative noise as we show in the case of Heisenberg 
group (or Grushin plane). However we cannot prove the uniqueness of invariant 
measure, let alone convergence towards it. Notice however that such results usu¬ 
ally require some assumptions about smallness of the interactions, they should 
be tied with the condition on weights of the space the system live in, see PJ for 
example. Therefore it appears even probable, that under assumptions we work, 
the uniqueness of invariant measure for the system may not hold. 

The setting is the following; assume we have a space (M n ) z , the dynamics of the 
system can then be described by the operator of the form 



( 1 . 1 ) 


where each A t is the second order operator acting on M n and on i-th coordinate 
of the lattice and Bi first order operator acting on i-th coordinate. We assume 
that we have interactions q ls only in drift term and they are of finite range. 

We construct the infinite dimensional process using finite dimensional approxi¬ 
mations by solving appropriate stochastic differential equations. Of course such 
approach is well known and nothing new in the held, see e.g. [IB], [TTj. The 
main novelty of our approach in comparison with these mentioned lies in two 
facts - we use martingale problem as a concept of solution, which allows us to 
bypass strong boundedness of coefficients assumption in [16] , secondly we benefit 
from now well established Meyn-Tweedie m theory to prove ergodicity results 
in finite dimension. 

In section 2 we give a proof of these finite dimensional results. Using tight¬ 
ness arguments we construct the process corresponding to (11.11) as a solution to 
martingale problem. The key and most technical part is section 4, where we 
show under additional assumptions about interaction functions that the limit of 
our approximations is unique and consequently establish Markov property of our 
process. The existence of the invaraint measure for the constructed process is 
established in the end. 

For clarity and brevity of exposition we illustrate our techniques with the specific 
example of the operators corresponding to Heisenberg group. However it should 
be noted, that many parts of our results are independent of the specific diffusions 
considered, so in the last section we also mention some other natural situation 
that can be dealt with our methods. 

1.1 Statement of the results and strategy of the proof 

Let HI = M 3 = ( x , y , z ) be the Heisenberg group (for the detailed treatment of 
Heisenberg group as an example of Stratified Lie group see [S], for nice and brief 
account of the relation to the matrix Heisenberg group see 0) and A', Y the 
generators of Lie algebra on H, i. e. 
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V = dy + i xd z . 

We denote D = xd x + yd y + 2z3 z (so that [X, £)] = X, [Y, D] = Y) the so-called 
dilation operator. 

Consider the cl dimensional lattice (M 3 ) z , i. e. spin system where we have a 
copy of Heisenberg group at every point. We study the existence and long time 
behaviour of diffusion associated with the operator 

L = ^ Xi + + Qyi^i, ( 1 - 2 ) 

i&L d 

where X. t is the vector held acting on the i-th coordinate, q. t is the interaction 
function with hnite range, i. e. function whose value depends on all neighbours 
within some fixed length r, = Xf + Y 2 — \Di and A* are positive constants. 
We can summarize the results obtained as follows. 

Theorem 1.1 (Inihnite dimensional results). Let be d dimensional lattice 
equipped with the max metric, i. e. ||*|| max = maxi<j< d \i y \ for i G 7L d , r > 0 
given constant and n n = {i G Z d : ||i|| maa , < nr}. Let q. t ,i G 7L d be smooth 
functions depending on (2r + l) d variables. Let L be the operator given by 

L — 'y ^ + q Xi Xj + q y . Yj 


subject to the assumptions : 

• (HI) 3C > 0 : sup ng(R3)(2r+1 p | g. t (u) \ < C, i G 

• (H2) sup ug(R3)(2r+1)d EfJi +1)d I i^( u ) u h\ + l^(«)l < C, ieZ d 

• (H3) inf ieZ d A i > 0, sup ieZd A* < oo. 

Introduce the weighted metric space 

S = {a G (M 3 ) zd : ^ |K||hm(*) < +°°}> 


where 1111m = ((a^ + a^ y ) 2 + af z ) 4 and the weights satisfy : 

• ( H 4)Yliezd u (i) < +00, u{i) > 0 ,i eZ d 

• ( H5 ) 3u(i) > 0, i G 7L d , v(i) < +°°, E* < +°° 

• (H6) 35 G (0,1) 3 K > 0 s. t. 

u(j) > j G H; \ n<_i, i G N. 
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We naturally set ||a||s = ^/^2 iGZ d ||ai||jgu(i). 

Then for any a E S there exists probability measure P a on Q = C([0, oo), S') 
(space of continuous functions form [0,oo) with values in S) such that for the 
canonical process = uit we have P a (A 0 = a) = 1 and the process 

f(A t )-f(A 0 )- t Lf(A u )du 
Jo 

is martingale for f E C'f Cyl under the measure P a , where Cf Cyl stands for cylin¬ 
drical twice continuously differentiable functions with compact support. The pair 
( A t , P a ) is a Markov process and there exist an invariant measure v for the semi¬ 
group P t f(a ) = E a f(A(t)), a E S. 

The Theorem consists of several non-trivial ingredients, namely the existence of 
solution to the martingale problem is proved in Theorem 13.71 Markov property 
in Theorem 14.61 and the existence of invariant measure for the model is proved in 
Chapter [5j 

To reach these results, we firstly proceed by investigating the case of diffusion 
on Heisenberg group. Concretely we analyse the asymptotic behaviour of the 
Markov process on M 3 with generator 

C = X 2 + Y 2 — XD + q x X + q y Y. 

Under suitable assumptions on q's the process can be constructed by ordinary Ito 
stochastic equation and using the theory of Meyn and Tweedie 023], m, m) 
we establish exponential convergence in the total variation norm to the invariant 
measure in section 2. This result can be immediately translated to the exponential 
ergodicity of diffusion on (M 3 ) n with the generator 

n 

^ 1 i A Qxi-X-i A 

i= 1 

We prove in explicit the following result. 


Theorem 1.2 (Finite Dimensional results). Let (M 3 ) n , n E N be the state space 
and consider the operator 

n 

L n = ^ £\i A q Xi Xi + q yi Yi, ( 1 . 3 ) 

2=1 

under the corresponding assumptions (HI ), (H3). If we denote A n the diffusion 
corresponding to the operator P3). i. e. the unique solution to the Ito SDE with 
coefficients 

1 

b ={Qx i - AiXi, q yi - XiVi, -2AiZi + ~(q yi x i - q xi y i),... 

• • • , Q.x n X n x n , q yn A nVni 2A n Z n + ~{q yn X n QxnVn)) 
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then there exists unique invariant measure fi n for the process A n . For the function 
W k = 1 + Y17= i + Vi) 2 + z i) k > k EN, where v(i) > 0, JA v if) < °o> there 

exist constants c k > 0 and C k > 0 such that 

LnWZM < -c k W k (a n ) + C k Va n G (IR 3 ) n . (1.4) 

In addition there exist constant K k n . a k n > 0, such that the following (B k stands 
for bounded Borel functions) 

sup \E a f(A n (t)) - //„(/)| < (1.5) 

{/eB(R 3 ") : l|/l|oc<i} 

holds for any a G (M 3 ) n . 

Next we consider an exhausting sequence A n CC Z d ,A n /* 7L d of the lattice, on 
(M 3 ) An we construct diffusion A n that its generator extends the operator 

L„ = Y, + <x 4 . 

A n 

Unfortunately unlike in [UBj we are in a situation with unbounded coefficients, so 
we are unable to prove a limit of approximations in strong sense. Nevertheless 
we show tightness in appropriate weighted space S', S' C (M 3 ) zd , i. e. we are able 
to prove that the distributions of the processes A n = (A n ,0 igZ \ An ) form a tight 
sequence in = (7([0, oo), S'). From tightness follows the construction of fam¬ 
ily of measures P a ,a G S' such that canonical process on fl solves the martingale 
problem for (II. 2J) . Our results are not completely satisfying since we do not prove 
the uniqueness of martingale problem for the operator (11.21) . 

Nevertheless under additional assumptions we can prove that our approximation 
procedure yields a unique measure. This is used to show that canonical process is 
a proper Markov process under constructed measure. Furthermore exploiting the 
results obtained for bounded lattice we prove the existence of invariant measure 
for the unbounded lattice. 

In certain aspects therefore - such as requiring no further assumptions on A in rel¬ 
evant examples - our results compare favourably to the ones in [l0j, [19]. However 
it should be noted that our methods are only able to handle bounded interactions 
q's and we also work with much simpler generators than the authors in the above 
mentioned articles. One could also argue that our proofs are simpler, although 
that perhaps depends more on the background of the reader. 
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2 Finite dimensional case 


We start by analyzing the diffusion on M 3 associated with the second order oper¬ 
ator 

C = X 1 2 + Y 2 -XD + q x X + q y Y. (2.1) 

We will work under the following assumptions (Bl) : 

• q x ,q y E C'°°(M 3 ,M), A > 0 

• 3 C > 0 : H^Hoo V H^Hoo < C 

Under these assumptions we can construct the diffusion as a solution to the SDE 

dA{t) = b(A t )dt + a(A t )dW t . 


Elementary computations with vector fields and matrices reveal that the coeffi¬ 
cients can be chosen as 


(V 2 

u 

\Y2 


b — {q x ~ Ax, q y - A y, -2Xz + ~{q y x - q x y)) 




0 ^ \ 

1 2 

f \{x 2 \y 2 )) 


( 2 . 2 ) 


The results of Meyn and Tweedie about exponential convergence of Markov pro¬ 
cesses can be stated in our diffusion context in the following way (for the precise 
reference see [22, Theorem 2.5] or very readable lecture notes by Rey-Bcllct [7]) 

Theorem 2.1 (Harris - Meyn - Tweedie). Let X t be a Markov process on 
with transition probability P t and generator L. Suppose that following hypotheses 
are satisfied 


(1) The Markov process is irreducible aperiodic, i. e. there exists to (and then 
for all t > fi) such that 

Pto(x,A ) > 0, 

for all xeR n and open sets A. 

(2) For any t > 0 the Markov semigroup Pfix, dy ) has a density pfix, y)dy which 
is a continuous function of (x, y). 


Assume there exists Lyapunov function 


V : M n - > [l, oo), V(x) +oo 


and constants C,c > 0 such that 


LV + cV < C. 


(2.3) 


6 



Then there exists unique invariant measure p for the process X t and there exist 
constants K,a > 0 such that (P t f(a ) = E a f(X t )) 

sup \E a f(X t )-p(f)\ <KV(a)e- at 

{f:\f(x)\<V(x)} 

for any a G M n . 

Every verification of the stated result is non-trivial and depends on deep results 
about diffusions in R n . In the remainder of the section we show that the pro¬ 
cess A given by SDE with the coefficients (12.21) indeed satisfies the condition 
of the above theorem. The existence and smoothness of transition probability 
density is the immediate consequence of the Hormander theorem in probabilis¬ 
tic settings. The version that is sufficient for our purposes was first established 
following Hormander work in mi- 

Theorem 2.2 (Hormander probabilistic setting, Ichihara - Kunita). Assume X t 
is the unique strong solution to the Stratonovich SDE 

d 

dX t = h(X t )dt + °( x t) ° dW t , 

i— 1 

where b, a*, 1 < i < d G C°°(M n ,M). Suppose that following (Hormander) condi¬ 
tion is satisfied 

dim (Lie{ai, ..., cr rf }) = n Vx G R n . 

Then there exists probability density function P t (x,dy ) = p t (x,y)dy such that 
Pt(x,y ) G (^“((O, oo), R n , M n ). 

In our case (12.2[) the drift in the Stratonovich form is actually the same as in 
ltd form. In any case the Lie algebra generated by the diffusion satisfies the 
Hormander condition as elementary computation reveals that [. X, Y] = d z and 
consequently 

di m (Lie{(Ao,=|),(o,A^)})=3, 

thus according to the above cited theorem we have the smoothness of transition 
probability density for (12.21) . 

To investigate the irreducibility of diffusion, we would like to use Stroock - Varad- 
han support theorem ([30]), so the question is whether that we can solve the 
corresponding control problem. The version that accounts for unbounded coeffi¬ 
cients we use, was proved in [13]. 

Let F be the subset of the absolutely continuous functions u : [0,t] —* R d with 
■u(O) =0 such that F contains every infinitely differentiable function form [0, t] 
to vanishing at zero. For the ordinary differential equation 

d 

x u {t) = b(x u (t )) + Ui(t)(7i{.x u (t)) 

i =1 

x“(0) =x 0 Gl n 

we denote Oft, Xq) — {y G K" : x u {t) = y,u G F}. 


7 






Theorem 2.3 (Stroock- Varadhan support theorem, [13]). Let X t be the solution 
to the Stratonovich SDE 


d 

dX t = b(X t )dt + ° dW, X(0) = x, (2.5) 

2—1 


where the coefficients satisfy linear growth assumptions, b is Lipschitz and cq, 1 < 
i < d are smooth with bounded derivatives. Let Pt be the transition probability 
function related to \2.5\) and 0(t,x ) be the orbit to the corresponding equation 
Then supp P t (x, •) = 0(t,x). 

Lemma 2.4. Let P t be the transition function for the equation Then 

supp P t {x, •) = M 3 for any t > 0 and x G M 3 . 


Proof. We make of use the classical Girsanov transform [28j pp. 166] to simplify 
the control problem. Concretely the statement that the support of diffusions 


X t ,Y t 


dX t = b(X)dt + a(X)dW 


dY t = b(Y)dt + a(Y)dW, (2.6) 

where a and b are as in (12.2j) and 

b = (—Ax, —A y, —2A z) 

is the same, provided we can find such u : R 3 —» M 2xl that 

au = b — b. 


However it is easy, since b — b = ( q x ,q y , \ {q y x — q x y )) and hence 



Qx 

q y 


Mq y x - q x y). 


Hence to establish the theorem it suffices to prove the irreducibility of transition 
function corresponding to (12.61) . Since the equation (I2.6j) satisfies the Theorem 
we only need to prove controllability of the system 


x = V2iii — Xx 
!J = V2ii 2 - A y 


y x 

z = - -=m H- =u 2 — 2A z 

V2 V2 


(2.7) 


for u G H, i. e. to show that from any starting point (x 0 ,y 0 ,Zo) we can choose 
such u G H that x(t) = x t ,y(t ) = y t ,z{t) = z t , where ( x t ,y t ,Zt ) G M 3 are 
prescribed ending points. If we simply choose control iq(s) = as + b, u 2 (s ) = 
cs + d, then the problem (12.71) is reduced to solving three linear equations with 
four parameters, so the Lemma is proved. □ 








The proof of existence of Lyapunov function for the operator (12.11) satisfying (|2.3[) 
is elementary, albeit bit tedious. 


Lemma 2.5. Let C be the operator defined by \2.1\) under the assumptions (B1). 
For the function V k = ((x 2 + y 2 ) 2 + z 2 ) k , fceN, there exist constants c k , C k > 0 
such that 

CV k + c k V k < C k V(x, y, z) el 3 . (2.8) 

Proof. We first compute the case for V k , k = 1 (and omit the index in such case) 
and then proceed to general k. Using that V xz = V yz = 0 we calculate 

CV + cV = V x (q x - Ax) + V y (q y - A y) + V z (-2Xz + q y x - q x y )) 

+ Vvx + Vyy + V zz —(x 2 + y 2 ) = 4x(x 2 + y 2 )(q x — Ax) 

+ 4 y(x 2 + y 2 )(q y - Ay) + 2z(-2Az + ^(q y x - g x ?/)) + 16(x 2 + y 2 ) {1:J) 

+ i(x 2 + y 2 ) + cx 4 + cy 4 + 2 x 2 y 2 c + c;? 2 
< (x 4 + y A + z 2 + 2 x 2 y 2 )(c — 4A) + o(x 4 ) + o(y A ) + o(z 2 ). 

To obtain last inequality one uses bounds for q.'s and then Young inequality, e. 
g. \Czx\ < |^| 2 + |x| 3 (we use < throughout the paper to denote the statement 
A< B 4=$- 3 C > 0 : A < CB). The resulted inequality obviously implies that 
for any A > 0 we can choose c > 0 in such way, that CV + cV is bounded. For 
V k we get 


CV k + c k V k = V k ~ 2 k(VV x (q x - Ax) + VV y (q y - Ay) 

+ VV z (—2Az + hq y x - q x y)) + (k - l)V 2 + UU ra 

l (2.10' 

+ (k - 1)V 2 + VV yy + -(x 2 + y 2 )(VV zz + (k- 1)V 2 ) 

- y(k - l)V x V g + x(k - 1 )V y V z + jV 2 ). 

In a similar manner as we obtained (12.9p . (I2.10p can be estimated as 
CV k + c k V k < V k ~ 2 k{(^ - 4A)(x 8 + y 8 + z 4 ) 

rC 

+ xA y A (-jr ~ 8+ °( x8 ) + °(y 8 ) + °(u 4 ))- 

K 

Notice that we not only proved boundedness of CV k + c k V k , but even obtained 

CV k + c„V k _ TO . 


□ 
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The Meyn - Tweedie theory as stated in Theorem 12.11 now ensures exponential 
convergence to equilibrium for diffusion corresponding to the operator ( 12 .ip . 

Proof of Theorem \l.A The proof differs only slightly from what we just showed 
for the case of K 3 thanks to the structure of our coefficients b and a and assump¬ 
tions (HI), (H3). As for the support problem, the situation is pretty much the 
same as in Lemma 12.4[ and the smoothness of transition probability follows again 
immediately from Hormander type theorem 12.21 

It remains to show that for W k there exist constants c k , C k > 0 such that 

L n W k + c k W k < C k 

holds uniformly regardless of n. By denoting V k = ((x 2 + y 2 ) 2 + z 2 ) k and Ci = 
X 2 + Y 2 -AiA + q Xi Xi + q yi Yi, we can write 

n 

L n W k + c k W k = c k + Y, + CkV k ). (2.11) 

i —1 

The analysis of expression CiV k + c k V k was done in previous Lemma [2.51 Notice 
that thanks to the assumption inf ieZ d Aj > 0 and the fact that bound for g.’s is 
uniform, the c k can be chosen in such way, that the following is true 

3C k > 0 :V!<*< n CiV k + c k V k < C k . 

We install this into (12. lip and using hypothesis x u{i) < oo we infer the 
desired bounds 

n 

L n W k + c k W k <c k + Y, u{i)C k 

i=l 

oo 

<c k + C k u(i) \= C k < Too. 

2=1 

Hence indeed the Theorem 12.II can be applied to prove the statement. □ 

Remark. It should be noted that the constants in the formula (1 1.5 [) cannot be 
chosen in such a way, that they would be independent of the dimension, even 
though the constants in (II. 4p are. It cannot be expected that one could prove the 
convergence in the total variation norm in the infinite dimension for interacting 
particle system. Let us add a simple reason for this fact. 

Observation. Let w and g be two probability measures on R. such that /j ^ v. 
Then \\w n — £> n ||TV n - ^~> 1, where || • \\tv means total variation norm. 

Proof. As w 7 ^ g, there exists / G C'b(R), such that wf ^ gf. 

Say e = | wf - gf \ > 0. Define sets A n = {x G R n : \^YTi=\ f( x i ) - w f \ < f}- 
Weak Law of large numbers asserts w n (A n ) —)■ 1, while g n (A n ) —> 0. □ 

Therefore even for the system without any interactions, one cannot have the 
constants independent of the dimension, unless the convergence to the invariant 
measure happens in finite amount of time. 
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3 Construction of the infinite dimensional mea¬ 
sure 

There are several papers dealing with infinite dimensional martingale problems 
(a. a. bh) that establishes uniqueness as well, but all are based in elliptic 
settings and none can be directly applied to our case. 

The following version of Arzela - Ascoli theorem follows easily from the general 
version proved in [25, Theorem 47.1]. 

Theorem 3.1 (Arzela - Ascoli). Let Y be a complete metric space and f n e 
C'([0,oo),Y) sequence of equicontinuous functions. Endow C([0, oo), Y) with the 
topology of uniform convergence on compacts. If {f n (t)} is precompact in Y on 
a dense set of t e [0, oo), then {f n } is precompact in C([0, oo), Y). 

To prove equicontinuity we use a variant of Kolmogorov continuity theorem (see 
P, chap. 8] for details). 

Theorem 3.2. Let X n be continuous processes taking values in some metric space 
( S,p ). Suppose for any T > 0 there exists constants C(T),e > 0 and p > 0 such 
that 

sup E p{ Xf, Xf) p < C(T)\t - s| 1+e 0 <s<t<T. 

n 

Then { X n } is equicontinuous family of processes with probability 1. 

The space on which we construct our measure is dictated to us by our Lyapunov 
function for (12.11) . so that we will be able to utilize the uniform bound (11.51) . 
However we also have to choose space such that the Theorem 13.21 will be satisfied. 
For the sake of completeness let us clarify, that function of V type indeed equips 
R 3 with the metric. 

Lemma 3.3. Endow R 3 with the following operation d : 

d(a, b ) = fj((a x - b x ) 2 + (a y - b y ) 2 ) 2 + (a z - b z ) 2 . 

(M 3 , d) is then a metric space. 

Proof. The only non-trivial part is the triangle inequality. Hence we want to 
prove 

\J (( a x - b x ) 2 + ( a y - by ) 2 ) 2 + (a z - b ~) 2 < 

\J ((a x - c x ) 2 + (ay - c y ) 2 ) 2 + (a z - c z ) 2 (3-1) 

+ \J{{c x - b x ) 2 + (cy - by ) 2 ) 2 + (c z - b z ) 2 . 

Notice that (13.ip is clearly valid if either terms on z axis are zero, or both x and 

y terms are zero. Therefore it remains to prove that if for A, B, C, D, E, F > 0 

<Ya<<Yb + </c 

Vd<Ve+Vf, (X2> 
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then 


\JA + D < </B + E + \/C + F. (3.3) 

The left side in (13. 3 p is clearly maximized, if the left sides in (13. 2 p is maximized. 
This happens, if we have equality in (13.211 . ffence it suffices to prove 

{\/b + Vcy + (\Te + Vf) a < <AbTe + VcTf, 

but this follows from ordinary Minkowski inequality for 4 - norm on M 2 . □ 

We will denote by || • || H the function that assigns to a 6 R 3 value corresponding to 
the metric just defined, so that ||a||in = ^/((a 2 + a y ) 2 + a l- Given d dimensional 
lattice Z d , we introduce the weighted space 

S = {a £ EI zd : IItIIh^) < Too}. 

iez d 

For now it suffices to assume about the weights (H4) 

• 'Eiez dU ( i ) < +°°> u (*) > °- 

From the Lemma above we can infer following usual considerations that S with 
the metric ||a — b\\s = ll a * — ^IIh u (^)5 a ,b E S is complete separable 

metric space and so consequently = C([0, cxd), S) is Polish too. Let us describe 
compact sets of S. 

Lemma 3.4. Let M C S. Assume that M is bounded and the following condition 

OO 

Ve > 0 3iio £ N Va G M : < e. 

i=n 0 

Then M is precompact in S. 

Proof. We show that from any sequence {a n } one can extract a Cauchy sequence. 
By assumptions for a given e > 0 we find no, so we control the rest of the sequence, 
and on the first n Q — 1 coordinates simply choose a Cauchy sequence step by step, 
which is possible by the boundedness assumption. □ 

3.1 Moments estimates and tightness of approximations 

Let A n , |A n | = N < Too be the exhausting sequence of Z d , i. e. A n+ i D A ni 
[J n A n = TI 1 . We wish to construct martingale solution for the operator 

L = ^ + q Xi Xi + q yi Yi . (3.4) 

Suppose we have maximum metric on lA and we assume there exists constant 
r > 0 such that q. t depends only on neighbours within distance r. More precisely 
we assume about interaction functions q 's (HI) : 
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• q.. G (^“((M 3 ) 11 ',®), where II* = {j G Z d : \j - i | m ax < r} 

.30 0 : WqjKC. 

About constants A* we assume (H3) : 

• inf ieZ d A, : > 0. sup ieZd A* < +oo. 

On each space (M 3 ) ,v we consider diffusion A n with generator that coincides on 
C 2 ((M 3 ) A ") functions with 

L„= E i; ><+<£*< +(3.5) 

i€. A n 

The interaction functions q H in general depend on n, but in case point i G 73 d 
has all neighbours in distance r, we put q n = q. i , otherwise the functions have to 
be redefined, but we keep their smoothness and boundedness by C, so that they 
obey (HI). 

Set A n = (A n , 0 igZ d\ An ), then each A n {t) has values in S and therefore A n lives 
in Q = C([0, oo), S). 

Lemma 3.5. Let a G S. For n G N define A n as above with initial condition 
A n (0) = 7 Ta n (a) and subsequently define A n . Assume (HI), (H3), (H4)- Let 
T > 0 be given, then there exist constants C(T) > 0 

sup V 0 < s < t < T E\\A n (t) - i n (s)||| < C(T)\t - s| 2 (3.6) 

n 

oo 

Vh > 0 Vt > 0 3 N 0 (t, A) : sup E E < * (3-7) 

n i=N 0 (t)+l 

Proof. First notice that the assumptions lead to the existence of constant K such 
that ( b n , a n being the coefficients of SDE for A n ) 

\Kx( a )\ V lk"*( a )llR 2JV < K i l + |Oi,x|) 

\^i,y ( a )I v K»lk- < K(1 + |Oj >2/ |) 

3 (3-8) 

\Kz( a )\ v < K( 1 + Kj'l)- 

i=i 


Suppose 0 < s < t < T, we have (remind |A n | = N) 

N 

E\\A"(t) - i”( s )||! = £?E K”W - AMIWO 

i =1 


N 


E s «(Ay (t) - KM ) 2 + (AIM - AIM ) 2 ) 2 + (AIM - AIM) 2 ) 2 M 


i= 1 
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< 


N 

£«»(£(4>M - Ate*)? + miy(t) - A "„( S )) S + E(Atet) - 4>W)‘ 
2—1 


(3.9) 

The x term is now estimated using (13.81) . Burkholder - Davis - Gundy and Holder 
inequalities 


E(Al x (t) - Al x (s)Y = E (J bUA n (u))du + J a™ x (A n (u))dW(u) 

< 1 1- s\ 7 E(J* \b™ x (A n (u))\ 8 du) + 1 1- s\ 3 E(£ \\a- x (A n (u))\\ 8 du) 
<\t- s | 2 + \ t ~ s \ J s E \ A iA u )\ 8du - 

Similarly handling the y and z we get 

E{Al y (t) - Al y {s)) 8 <\t-s\ 2 + \t-s\ f E\Al y {u)\ 8 du) 

J S 

E(Al z (t) - AIM? < 1 1- s| 2 + \t-s\ £|4»| 4 d«. 

Js 3=1 

Individual terms we treat 


E\AUu)\ 8 = E 


a i,x\ + / bl x (A n (v))dv + J cr™ x (A n (v)) dW (v ) 
-1+ [ U E\Al x (v)\ 8 dv, 


< 


rO I a i,X 


analogically one gets 

E\Al y (u)\ 8 < \a hy \ 


E\Al y (v)\ 8 dv 


E\AUu)\< 


< 



Altogether we derived existence of some constant K(T ) > 0 such that 


E\Al,(u) I 8 + B|y„(«)| 8 + J2 £ l4i(“)l 4 S JfmdlOilll + 1) 

3=1 
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Invoking the Gronwall’s inequality we can deduce existence of some constant 
K\ (T) > such that Vu G [s,t] 

£|A»I 8 + £|A"„(«)I S + E E \ A U«)\‘ < A 'i( T )(i + Iklll)- (3.10) 

3 = 1 


Hence 


£(A>(*) - A>0)) 8 + £(A" w (0 - AW) 8 + E(A? tZ (t) - AW)* 


< |t — s| 2 + \t — S | 2 /ii(T)(l + ||<Zi|| el)- 

Installing back to 03.91) we obtain thanks to (A2) and the fact that a G E the 
existence of some constants L(T), C(T) > 0 such that 

N 

E\mt) - < e «wi* - si 2 i(U(i + ikiiS) 


<C(T)|t-s| 2 , 

which we wanted to prove 03.61) . 

To prove 03.71) we simply utilize the key estimate 03.101) . which gives us 


oo oo 

E E H"(t)IIMi) < E “W^iW(i + lkllD. 

N 0 (t)+1 N 0 (t)+1 

therefore for given 5 > 0 it suffices to choose N 0 (t) such that the sum Y^N 0 (t)+i M (*)(l+ 
IlflilH) is sufficiently small. □ 

Corollary 3.6. Let A n as in Lemma [XU Then Po(H n )~ 1 , n > 1 is tight sequence 
of measures in hi. 

Proof. The estimate 03.6[) implies according to Theorem 13.21 that equicontinuity 
condition is satisfied. Since boundedness is immediately implied by equicontinuity 
and boundedness at zero, to prove precompactness on a dense subset it remains 
to show by Lemma 13.41 that for given e > 0 


P 


teQn(0,oo) V,5 e (o,oonQ 3jv 0 (t,<s) 


E |IA”Wll!«(i) < <5 >l-£. (3.11) 


i=No(t,8)+l 


For any e > 0 and given fixed t and 5 application of Chebyshev inequality in 
conjunction with the estimate (13.71) yields 


H E IIA"(i)llH«W<« =i- p E IIA‘Wlle“W > s 

\i=N 0 (t,S)+l ) \i=N 0 (t,5)+l 

_ BE“ NoM)+ 1 IIA”WIII«(i) , 

>1- V -> 1 - e. 

0 


Considering we have only countably many 5’s and £’s, standard argument shows 
that (13.111) is indeed fulhlled. □ 
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3.2 Solution to the Martingale problem 

Now we show that weak limit of sequence {Po (/F 1 )^ 1 } can be used to construct 
martingale solution to the operator (13.41) . 

We let A t (w ) = w(t), w 6 11 be the canonical process on fl = (7([0, oo), S) 
with a -algebra T = a(w(s),s > 0), T t = cr(u;(s),0 < s < t) denotes the usual 
filtration. We further introduce spaces Q n = C([0,oo), (R 3 ) An ), Bf(uj n ) = u n (t) 
the canonical process on fl n and the mappings 

Xn : (M 3 ) Ari S, ..., a N ) = (oi,..., a N , 0 ieZ d\ A J 

Ipn • ^ tl, U) n —> [t —> 0j gZ d\ An )]. 

For given a 6 5 we denote A n,a and A n,a the processes constructed in previous 
section to accentuate their dependence on a, i. e. A n,a is the solution to SDE 
with generator extending the (I3.5|l . 3 n (0) = n Ari (a) and A n = (A n , 0 igZt i\ Ari ) 

. In addition we denote by P a the weak limit of measures P o (A n, “) _1 , that 
we just proved in Corollary 13.61 to exist. To simplify the notation we denote 
P“ = P o (A n,a )~ 1 and P“ = P o (A n,a )~ 1 , the matching expectations will then 
be denoted P a ,P“, respectively P“ . Notice that P“ = P“ o ipff 1 , as following 
calculation reveals : for C G T 

P“(<7) = P(i n ’ a (-) eC) = P((/T’ a , ())(•) eC) = P(M^ n ’ a ) e C) 

= P>C 1 (C')- 

We introduce two family of functions. We say that / G C 2 ' Cyl (S), if there 
exists CC Z d such that there is g G C,?((M 3 ) # P M) (c stands for com¬ 
pactly supported) and /(a) = g(‘K$ f (a)), analogically / G C 2,Cyl (S), if such 
g G C 2 ((1R 3 ) $/ ,K). With this notation we arrive at the following theorem. 

Theorem 3.7 (Existence of solution to the martingale problem). Let a G S. 
Then there exists measure probability measure P a on Vl such that : 

P(A 0 = a) = 1 (3.12) 

f(A t ) - f(A 0 ) - f Lf(A u )du (3.13) 

J S 

is Tt-martinqale under P a for any f G C 2,Cyl (S) and J-t-local martinqale under 
P a for any f G C 2 ’ Cyl (S). 

Proof. Define P a as above, so that we have P“ -G- P a . Then with the aid of 
Portmanteau theorem 

P(A 0 = a) = l-J2P a (\\Ao-a\\s>h 

k 

> 1 - V lim inf P(||i n ’“(0) - alls > h = 1 - V 0, 

k k 
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thus we see that (j3. 12[) is satisfied. Let / G C^ ,Cyl (S) be given. To prove that 
(I3.13p is martingale it suffices to prove by standard technique (see [UJ Lemma 
3.1]) that for arbitrary G £ C(C([0 , s], S'), [0,1]), s < t 


f(A t ) - f(A a ) - / Lf{A u )du G(u.) 


= 0 . 


By weak convergence P“ P a the formula in (13.141) is a limit of 


(3.14) 


El 


f(A t ) - f(A s ) - / Lf(A u )du G(u.) 


We compute 


OWW) = K/K) = KfitMt) = Kif ° Xn )(BTK)) 
W“) = = ££(G °«(«).). 


(3.15) 


(3.16) 


Since / is cylindrical the operator L acting on / in fact reduces to I/, i. e. the 
operator 

^ ^ + q Xi Xi + qyiXi- 

ie<s> f 

Consider that for n large enough every point from has all neighbours in A n 
and hence U equals to L n on where L n is the operator corresponding to A n 
as defined in (13.51) . Then we adjust 

K f WA,) = K f L ’f (W^J.) = K 

J s J s J s 

= kJ L n(f "1,)KW). 

Altogether we found out that (13.15)) is equal to 


El 


(/ O Xn )(B») - (/ o Xn )(B n s ) - / L n (f O Xn)(B:)du (G O ^„)((w„) 


but since we know that P“ solves the martingale problem for L n on h2 n , this 
expression equals to zero and therefore also (13.141) is zero. 

To deduce that for / e C' 2,c ' J/Z (S) (13.13)) is local martingale, is the same as in 
finite dimension thanks to the cylindricity assumption. □ 


4 Uniqueness of approximating procedure 

In the previous section we only showed that our approximation scheme is tight, 
however now we show under additional assumptions that limit point is unique. 
To make the calculations as simple as possible (although still far from trivial) we 
distinguish specific approximation scheme related to the size of our interactions. 
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Recall that 0 < r < oo is the parameter of length of interactions for the functions 
q’s. We define boxes 

II n = {i G 7L d : max \ij\ < nr}, N = |II n | = (2 nr + l) d . 

j<d 


We need to impose on the interactions additional assumption (H2) : 


• sup ue(R3)( 2. + ip Ei=i +1)d + I^(w)| < c, ie z d 

This assumption ensures that the equation for A n has globally Lipschitz drift. 
More precisely we need the following observation. 




Lemma 4.1. Let A n D fl fc+1 and we denote b k = (6 1; ..., bx) (notice that this 
does not depend on n, since we assume A n D Ii k+ i) the first K = |n fc | coordinates 
of drift for the equation 


dA n = b n (A n )dt + a n (A n )dW t , 

also for an element c n G (M 3 ) An we denote c k = (cf x ,..., c 1 ^ z ). Then there exists 
constant L > 0 s. t. 

\Ma n ) - b k (d n )\\ 2 m u k < L\\a n k+1 - d n k+1 \\ 2 m n k+1 , Va n , d n G (M 3 ) A ". (4.1) 

L is independent of k, n. 

Proof. The proof is elementary and follows from assumptions (HI), (H2), (H3). 
The terms in the drift that complicate Lipschitz condition - and force us to use 
k + 1 in m - are the ones containing g.’s, since they depend on all nearest 
(2r + l) d neighbours. As an example, how one obtains (14.11) in these cases, we 
handle using the notation just introduced e. g. the term q y x. Because of the 
finite range of our interactons Q,; iX (-)a” x is a smooth function of (2r + l) d variables 
for i, 1 < i < K, hence application of mean value theorem together with (H2) 
yields 


(Qi,y( a ) a i,x Qi,y{d )di t x) — 'i,x ||oo|| a rOi II (R3)(2r+l) ti 

A C|| ^rDi — ^rDill (R3)(2r+l) d ; 


where we denoted r D i = {j G 7L d : \j — i| max < r}. 

We then take into account that every point i G 7L d has the same finite fixed 
amount of neighbours. Hence handling the other terms in the obvious way, we 
indeed arrive at the existence of some L > 0 such that 


IIMO 



< £|K+i 


d n II 2 

U k+1 II (R3) n fc + 1 ! 


Va n , d n G (M 3 ) a ". 


□ 
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In addition we need to restrict our class of starting points a E S, so that the 
space includes only configurations that does not grow too fast, i. e. we introduce 

(H6) : 

• 3 <5 G (0,1) 3 K > 0 s. t. 

u(j) > j e n» \ n,_i, i e n. 

Comparing this assumption with the restrictions on weights that Da Prato and 
Zabczyk need to impose [9j pp. 10], we see that our conditions include faster 
growing configurations. 

The key to proofs in this section are two technical Lemmas about behaviour of 
solutions A n to the SDE’s related to the operator L n . If we take some fixed 
given set T C Z d and two supersets T n , T/, D T, such that we have corresponding 
solutions A n ,A k of SDE’s on (M 3 ) r " resp. (M 3 ) rfe , then we cannot claim that 
(Af) ie p and (A|) lgr have the same distribution, because we have to redefine the 
interaction functions at the boundary of the sets T n ,Tfc, and hence (A”)j g r and 
(A|) igr differ as they depend on all A n resp. A k via interactions. Therefore 
we can never have precise equality, even though the part of equations on (R 3 ) r 
will have the same coefficients, once both T n and T*, includes all neighbours of T. 
Nevertheless one intuitively would expect, that the further we are from boundary, 
the smaller the effect of redefining should be on T. Next Lemma formalizes and 
justifies this intuition. Then we can also interpret technical assumption (H6) by 
saying, that the effect of redefining at the boundary will be small, provided we 
do not start from very fast growing initial configurations. 

In all what follows in this chapter we assume conditions (HI) - (H4), (H6). 

Lemma 4.2. Let a G S and II/, be defined as above. Suppose we have two exhaust¬ 
ing sequences {A/},{A m } of 7L d and correspondingly two sequences of processes 
{A m,a }, {A l,a }. We denote by Aff ,a the part of A m ’ a that lives on (M 3 ) n *y i. e. 
A r f a = (A” x ,..., Af z ). For any e > 0 and T > 0 there exists N > 0 such that 
for any l,m > N 


E sup \\A l f(t)-A™’ a (t)\\^ <e. (4.2) 

Proof. We will be little imprecise and write a/, = (ai jX ,..., ax , z ) f° r the re¬ 
striction of a to (M 3 ) 11 *, in order to not overload the notation we also write 
a,j = ( aj )X , a ])V , cij i2 ) when j e 7L d . Also when dealing with the norms on spaces 
M n for different n we omit the index in the norm, as it should not lead not 
confusion and instead enhance readability. Using the Lemma 14.11 and routine 
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calculations for SDE’s we compute 

e sup K’ a W“^r mM2 

te[o,T] 


< E sup 

te[o,T] 


b k (A l ’ a )-b k (A m ’ a )ds 


+ 


a k (A l ’ a ) - cr k (A m ’ a )dW s 


<T(E || b k (A l ’ a ) - b k (A m ’ a )\\ 2 ds + E / \\<j k (A l,a ) - a k (A m ’ a )\\ 2 ds 
Jo Jo 

<T\ / PT S|Ki(t 1 )-^ 1 (t 1 )|| 2 < ftiV 


Therefore we obtained the existence of constant C > 0 so that 


E sup ||4’“(t) - Ar (f)|| a < CT I EWA&fa) - AZ^fdt,. 
te[o,T] Jo 

Assuming l , rn large enough so we can repeat the procedure above, we get 

£||4;+i(*i) - 4ki(*i)ll 2 < P E W Al kAh) - ^ 2 (t 2 )|| 2 df 2 


l,a 


rt 2 


1 


(4.3) 


■ • < C 


n—1 j 




Thanks to the Linear growth of coefficients of our SDE (13.81) . there is some I\t > 0 
such that 

E\\A l k a +n (tn) - A^ n (t n )|| 2 < K t ( 1 + ||a n+fc || 2 ). 

Using this and then calculating the iterated integrals, we obtain from (14.31) the 
estimate 

E sup II4“(i) - A™(t)f < Kt(1 + IK+J 2 ), 

te[o,T] (Zn — ij!! 

where (2 n — 1)!! = (2 n — 1) • (2 n — 3) • • • 3 • 1 denotes the odd (double) factorial. 
Using the obvious 


(2(n+k)r+l) d 

|| ®n+fc || (R3) n n+fc < 


3 + ||a 


■illH) 


3 = 1 


we need to prove only 


Ln (2(n+fc)r+l) d 

lim —r ( X + IMIl) = 0 

n^-oo 77,! z — J 

3 = 1 


for arbitrary constant L > 0. Clearly it suffices to show 

W2(n+fc)r+l) d I, 11 8 

,• 2^,=1 11 ° 


lim 

n 


| 1 —- 

nr 2 


= 0 , 


(4.4) 
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where 5 is from the assumption (H5). We compute using the (H5) and trivial 

ll%IIMi) < Nil 


lim 


E 


j€A n+ *. +1 \A n | fc ll a illlH[ 


< 


n n\ l 2 ((n + l) 1 2 — 1) 

|a||| y (^( n + k + 1 )r + l) d — (2 (n + k)r + l) d )(n + k + 1)! 1_<S 


K 


ii—- 

n\ 2 


= 0. (4.5) 


The fact that (14.5|) implies il 1. II) is well known as Stolz - Cesaro Theorem (see 
pp.85]). □ 


Lemma 4.3. Let k e N, a G S' and t > 0 be given. Let A m,a be approximating 
sequence defined with respect to exhausting boxes fl m . For any e > 0 there exists 
rj > 0 such that Vm > k 

\\b - «lls < V =► E\\A?*(t) - A™' b (t)f < e. (4.6) 

Proof. Since we know that our SDE has continuous dependence on initial con¬ 
dition, the Lemma is nontrivial only for infinite number of m and hence we 
concentrate in onr computations on large m. Again for simplification we will not 
write the index to the norms through computations. Similarly to the last Lemma 
we get for some constants C > 0 and K t > 0 (to make last sum meaningful let 
us formally define (—1)!! = 1) 


E\\A^{t)-Al 


m,b 


<C\\a k -b k f + Ct / E\\A^( tl ) - A^ihWdt, 
Jo 

< C\\a k - b k || 2 + C 2 t 2 \\a k+ i - b k+1 \\ 2 

+ct fa , 


i o 
12 


< C\\a k — b k || + C t ||afc + i — b k+ 1 || + • • • + 


C n t 


n+2n—2 


(2n- 3)!! 


Il^fc+n—1 bk+n —11 


4 771,6 ( n \ || 2 {Ct 


2\n 


E sup \\A™f a n (s)-A^ n {s). (9n ip, 

0 <s<t [Zn — IJ!! 


^ C j t 2j 2 \\a k+ j_i — b k+ j-i\\ 2 I o , ||„ ||8 , ML 

<2^- ( 2 j _ 3)11 - + Kt \ 2^ 3 + NHh + \\b 


(Ct 


2 \n 


i||H 


(2n- 1)!!' 


j — 1 

Same calculations like in Lemma [4.21 together with Stolz - Cesaro Theorem gives 


lim I\ t V 3+HH+ ||&i| 

77.—VOO 1 * 


(Ct 


2\n 


(2n- 1)!! 


= 0. 


(4.7) 


Because 


rin+ln— 2„Z 

lim -ZZ-IL_ = o 

n ^°° ((2 n - 1)!!) 2 
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for l > 1, we obtain using previously established convergence results that 


OO 


E 


CH 2j 2 ||q fc+j -i - bk+j-x 
(2j — 3)!! 


< ~|- 00 . 


(4.8) 


Therefore combining (14.71) and (14.81) for given e > 0 we can choose N G N such 
that 


E 


j=N 


CH 2j 2 1|afc+j—i - &fc+j-i 
(2j-3)H 


+ sup K t 

j>N 


E 3 + 



(Ct 2 y ^ e 
(2j — 1)!! < 2‘ 


For the first iV — 1 terms we can choose rj > 0 in (14.6ft thanks to the continuous 
dependence on parameters for the A m,a in such way that 


2 ||afc + j_i — 1|| 2 

(2j — 3)!! 

+ sup E sup ||4l^( S )-/ir4(s)|| 2 db!2 L<£, 
j<N -1 0<s<t (2j — ij!! 2 

and the Lemma is established. □ 


The first crucial property that follows from Lemma 14.2j) is independence of the 
limit measure P a on the choice of convergent subsequence. By the well known 
properties of weak convergence this implies that the sequence {Pff\ itself weakly 
converges. In addition this limit doesn’t depend on the choice of approximating 
sequence A n . 

Theorem 4.4. Let A m,a , A n,a be the sequences of approximating processes on fl, 
a G S. Then there exists probability measure P a on such that 

lim Po(A m ' a )~ 1 = lirn Po (A l ’ a )~ l = P a . 

m—> oo l —boo 

Proof. By Corollary 13. 6 1 we know that any two such sequences has weakly conver¬ 
gent subsequence. So it remains to show that the limit point is the same for any 
two weakly convergent subsequences (to simplify notation we call the convergent 
subsequences again m - and l ) {P o (A l ’ a )~ 1 }, {P o (A m,a ) -1 }. To prove this it 
clearly suffices to show that for any / G C'b(n) 

lim Ef(A l,a {-)) =lim E f (A m ’ a (■)). (4.9) 

l m 

First let / G i. e. there exists k G N and g G Cb,Li P (Q n fc ) such that 

/M = 9 ((dhi^).), = C([0,cx)), (M 3 ) Hfc ) and g is Lipschitz, that is there 

exists constant L > Os. t. 


b((^fe)-) -p((o>fe).)| < ||u; fc - a) fc ||o nfc Vo j k ,Cb k G 
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Then we get for m, l large enough 

I Ef(A l ’“(.)) - Ef(A m ' a (-))\ 2 = | Eg(A?f{-)) - Eg(A ™’ a (.))| 2 

< E\g(A l k a (-)) - g(A™’ a (-))\ 2 < E\\A l £(-) - ^ B (-)|| 2 , 

hence Lemma 14.21 implies (14.91) holds for / <E C^f Ap {iV). 

Next let / G Cf yl (fi), then there eixsts bounded sequence fn e Ciu p (A) such 
that f n —> /. Finally for / G C&(H) consider cylindrical approximation by {/„}, 
that is / n (w.) = /((7Tn„w).) and the result follows by Lebesgue Theorem. □ 

4.1 Markov property 

To translate Lemma 14.31 into desired properties, we need to recall result about 
strengthening of weak convergence. Its proof follows immediately from Skorokhod 
representation theorem (see also m pp- 168 ]). 

Lemma 4.5. Let P be a Polish space and g n , g probability measures on P. Sup¬ 
pose g n A g. Let f n , f G C(P) such that f n are uniformly bounded and 

x n ^>- x in P ==>• f n {x n )) -)• f{x). (4.10) 


Then g n f n ->• /.//. 

With this Lemma in hand we can now show that canonical process on is a 
genuine Markov process under the measures P a . 

Theorem 4.6. Let A t (w) be canonical process on Q = C([0, oo), S) and P a the 
unique limiting measure produced by Corollary \3.61 (A t ,P a ) is then a Markov 
process. 

Proof. Denote S the a-algebra on S. We need to show these two properties 

(I) a —» P a (A t G C) is measurable for any C G S (4-11) 

(II) P a {A s+t G C\E S ) = <j>(A s ), </>(•) = P (A t G B), V C G 5,0 < s < t. (4.12) 

To prove (14. lip we show that a —> E a f(A(t)) is continuous function for any / G 
CbLip(S), ll ie measurability for general / G Cb(S) will then follow through same 
procedure as in Theorem 14.41 By the uniqueness just proved, we can consider 
approximation {A n } living on the boxes Ll n . So let /(a) = g(irn k (a)), we then 
calculate 

I E a f(A t ) - E b f(A t )\ 2 = | lim E[f(A n ’ a (t)) - f(A n \t))}\ 2 

n 

< lim sup E\g(A^’ a (t)) - g{A^{t))\ 2 < lim sup \\A n k ’ a (t) - A n k *(t) || 2 . 

n n 

From Lemma 14.31 we derive that this estimate establishes the desired continuity. 
To prove (14.12)) one strives to establish V/ G Cb{S ) 

E‘[f(A, +t )\F,} = E A ‘!(A t ). (4.13) 
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If we denote <p(-) = E'[f(A t )], this then means - for any C G T s 


[ f(A s+t )dP a = [ (p(A s )dP a . 

Jc Jc 

We consider first / G C^ ip (S), then we know from the first part of the proof that 
<p(-) is continuous. By approximation this reduces to necessity of demonstrating 

E a [f(A s+t )h(u.)] = E a (p(A s )h(uj.), (4.14) 

where h is arbitrary, but fixed continuous bounded P s - measurable function. 
By weak convergence P“ —> P a the left side of (14.14j) is a limit of (the same 
calculations as we made in the proof of Theorem 13.71 are hidden there) 

Klf(A, +t )h(u.)\ = £;[(/<= xJ(B,” +t )(A°«(K)0]- 

The finite dimensional result, i. e. the fact that P“ solves the martingale problem 
on f2 n , tells us that 

if <f n (Xn(B")) — ° Xn)(Bp)]. We observe that 

,p(a) = E‘f(A t ) = lim E‘J(A t ) = lim £“[(/ o X „)(B,")], 

n n 

hence (14.141) will established using Lemma 14.51 provided we can prove the impli¬ 
cation 


a n ^ a in S =>• E“ n \f(A t )] —>■ E a [f(A t )}. (4.15) 

For given e > 0 we find N from weak convergence such that 

\E a [f(A,)} - K[f(A t )]\ < ( -Vn>N. 

Like in the first part we also have the estimate 

I K-[f{A t )} - K[f{A t )) I 2 < lim sup II Al^it) - ^-(t)|| 2 , 

n 

so Lemma [4.31 implies we can find 5 > 0, N G N such that 

|| a - a„|| < 5 =► | E a [f(A t )} - E?[f{A t )]\ <e\/n>N. 

Therefore from Lemma [4751 we conclude that (14.141) holds for / G C^f /ip (S). We 
infer the validity of (14.131) for general / G Cb(S ) by routine approximation pro¬ 
cedure. □ 

This result gives us that if we set P t (a , C ) = P a {A t G C}, then P t is a genuine 
transition probability function and P t f(a) = E a f(A(t)) is the Markov semigroup 
acting on all / G Bb(S ) (Borel bounded functions) satisfying the Chapman - 
Kolmogorov equality [6j chap. I]. 
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5 Existence of invariant measure for the semi¬ 


group 


We now derive the tightness of measures {is n } and consequently show that any 
limit point is an invariant measure for the semigroup. 

We need to enlarge our space S to assure that it can accommodate invariant 
measure. The assumption we need in our case turns out to be (H5) : 

• 3 v(i) >0,i6 Z d , v(i) < Too, £L ^ < Too. 

For the remainder of the article let us work under assumptions (HI) - (H6). 

Theorem 5.1. The sequence of measures {u n } is tight. 

Proof. We want to show that for given e > 0 there is compact set K e in S such 
that Vn 6 M one has i/ n (K e ) > 1 — e. 

Let us recall the estimate (jl .4j) 

L n W^a n )<-cW^a n ) + C. (5.1) 

Remind that v n = fi n o z" 1 and fi n is an invariant measure. Hence we have the 
equality 


hn{L n W'f) = 0. 


Clearly 

H , ni.I J nW n ) H'n(L n W n lL n W%> o) T ll' n (L n W n lL n W-*<o) j 

and from (15.11) it follows that /j, n (L n Wf IL n w%>o) < C, so that 


Pn{L n W^I LnW 2 < 0 ) T —C. 


(5.2) 


(5.3) 


Notice that in our notation it holds 

N N 

WnK) = ^2v?(ai)v(i) = J^u(i)||oi| 

i= 1 i =1 

For given e > 0 we define the set K e as 


K e = < a G S : * € Z d : ||ai||Hu(z) < u(i) 


C+l C 
w T 


cev(i ) cv(i) 

Thanks to the assumption (H5) this set is compact in S according to Lemma 
m We calculate 

Un(I<?) = Vn(MK?)) = Pn(be (M 3 ) An i 3z e A n : H^Hh > + —T3 

V cev(i) evil 


Hence for a n G fj n (Kf) we have 
L n W„(a n ) < -c 


C+l C \ ... _ C + l 

-7T 3-7T ) v ( l ) + C <-. 

cevyi) cv(i)) e 

Therefore if u n (Kf) > e would hold, we would get the contradiction with (15.31) . 

□ 


25 













Theorem 5.2. There exists an invariant measure for the Markov process (A, P a ) 
from Theorem M 

Proof. We fix some weakly convergent sequence of measures {z/ n } and its limit 
point v. To show that v is invariant, we prove that for any / G Cb(S ) 


P t f(a)du(a ) = / f(a)du(a) 


(5.4) 


We show (E3D holds for / G Cjfu (S), the general case then follows easily by 
approximation as before. Recall that v n — l-P ° Xn 1 and that dn is th e invariant 
measure for process A n on (M 3 ) nn , so that the equality 






h(e n )dii n (e n ) V/i e C t ((R 3 ) A ") 


holds. Remembering the calculations (I3.16|) we compute 


f(a)du(a) = lim / f(a)dv n (a) = lim 


(/ ° Xn)(.a n )dfi n (a n ) 


= lim 


E% n(an \f o Xn)(Bf)d[i n (a n ) = lim / E“(/ o X n)(Bf)dv n (a) 


— lim / E a J(A t )dv n {a)= / E a f(A t )u(a) = / P t f(a)du{a). 


We can erase the question mark using the Lemma [4.51 with exactly the same line 
of reasoning that was required for the proof of (14.12j) in previous Theorem. □ 


6 Examples of other operators 

We list some other relevant examples, that can be handled using our strategy 
without any additional difficulty : 

• Of course the elliptic case lies naturally within our framework. Take Eu¬ 
clidean space M 3 with standard Laplacian A, D = xd x + yd y + zd Zl X = d x 
(etc. for Y, Z). C\ = A — A D and consider operator 

h ^ ^ d A T Qi.x A/ T Qi t y^ i T ^11.z Ai 

i£Z d 

acting on (M 3 ) z< \ Lyapunov function here can be chosen just x 2k + y 2k + z 2k , 
for k = 2 we get the same tightness as we had in Corollary 13.61 

• The Grushin plane [T] : Take M 2 as the basic space and consider vector 
fields X — d x . Y — —xd y . D is given by D = xd x + yd y and operator 

L = X 2 + Y 2 — XiDi + qi yX Xi + qi >y Yi 

i&i d 
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on (R 2 ) zd . For the Lyapunov function works V = x 4k + y 2k , the tightness 
(13.61) works again for k = 2. The a and u in Girsanov theorem to simplify 
the control problem can be chosen in the following way 


Then we have 




u = 



cru = b — b = (—Ax, —A y). 


• We cannot quite handle the example of Martinet distribution as in ra- 
Take R 3 and let X = d x — y 2 d Zl Y = yd y . The problem that arises lies in the 
nonlinear term in z-axis. We can not hope for our strategy to be successful, 
as in the last section definitely linear growth together with strong Lipschitz 
condition is required. But at least the finite dimensional case is almost 
conquered by our methods - If one puts D = xd x + yd y + zd z and consider 

L = X 2 + Y 2 — XD + q x X + q y Y 

as operator on R 3 , then the SDE corresponding to this operator has coeffi¬ 
cients 

(y/2 0 0 \ 

b= {q x ~ Ax, q y - Xy,-Xz - q x y 2 ), a = 0 y/2 0 . 

V 0 0 y/2y 2 ) 

Due to nonlinearities, not even global existence of process is a priori clear. 
However, if we set 14 = x 2k + y 6k + z 2k , we calculate that 14 is the Lyapunov 
function giving global existence and invariant measure. The smoothness of 
density holds from Theorem 12.21 as well. However to our best knowledge, 
we are unable to investigate the irreducibility of the process. 

In general we can say, that our strategy is successful whenever we can establish 
finite dimensional results as in (1 1.2 j) with Lyapunov function, that will enable us 
to construct the diffusion using tightness arguments as in chapter three. To finish 
the strategy with desired results, it is then essential that we can impose on the 
interaction such constraints that leads to the conditions of type (14.11) . 
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